The aim of this paper is to bridge shape sensitivity analysis and configurational mechanics by means of a widespread use of the shape derivative concept. This technique will be applied as a systematic procedure to obtain the EshelbyÕs energy momentum tensor associated to the problem under consideration. In order to highlight special features of this procedure and without loss of generality, we focus our attention in the application of shape sensitivity analysis to the problem of twisted straight bars within the framework of linear elasticity.
Introduction
Sensitivity analysis commenced as a branch of structural optimization. Strongly linked since their origin, both disciplines have developed and achieved together a high degree of sophistication and success in several applications. Recently, researchers have focused their attention on the problem in which the shape, or more specifically the domain over which the problem is defined, becomes the design variable. This problem, known in literature as shape sensitivity analysis, has received special attention over the past years when its mathematical foundations have been established. Proposed originally by Cèa (1981) , has been largely developed by Zolésio (1981) , Rousselet (1987) and Masmoudi (1987) , and is widely discussed in the book of Haug, Choi and Komkov. See also van Keulen et al. (2005) , where 239 references on sensitivity analysis are included.
On the other hand, seemingly disconnected from shape sensitivity analysis, configurational mechanics is a branch of continuum mechanics that has undergone processes in which simultaneous deformation and configurational change of a body take place (Herrmann and Kienzler, 2001; Gurtin, 2000) . Also referred to as Eshelbian Mechanics, which honors EshelbyÕs successful work associating the concept of configurational force on a material defect with the change of the total energy of the system with respect to a possible displacement of such defect. Even since the renowned contribution of Eshelby came to light, several researches have focused their attention in this field, which has recently grown due to its vast range of applications. As prime examples, one might mention crack advance, cavitation, void nucleation and growth, change in the geometry of the free boundary, as well as the motion of an interface between two phases of a material.
As stated by the authors in previous papers, in the particular case of fracture mechanics, if crack advance is simulated as a shape change, the expression of the energy release rate can be obtained through the shape derivative of the total potential energy (Taroco, 2000) . Also shape sensitivity analysis, together with numerical methods, such as the finite element method, combined with post processing techniques, can provide reliable numerical results of the energy release rate of 2D and 3D cracked bodies (Feijó o et al., 2000) . To improve the accuracy of the numerical values of the fracture parameter an error estimator including re-meshing procedures is reported in (Saliba et al., 2005) . In other situations when it is more favorable for the material to dissipate energy opening up cavities, the topological-shape sensitivity analysis can be used to perform the sensitivity of the cost function when a cavity is created (Novotny et al., 2003) . For elastic shells within the framework of ReissnerÕs theory, the corresponding EshelbyÕs tensor is linked to the shape derivative of the total potential energy with respect to changes of curvature and size of the shell (Taroco and Feijó o, 2004) .
However, shape sensitivity analysis can be viewed as a well developed area of research, with not all of its inherent aspects related to configurational mechanics deeply explored yet. In particular, the shape sensitivity analysis could be expressed through boundary integrals. In doing so, some important information is loss. In fact it is not difficult to demonstrate that shape derivatives (of any order) could be written by domain or boundary integrals where two elements can be clearly identified. The first one is related with the velocity field which defines the shape change. The other one could be identified as what we denoted as EshelbyÕs tensors.
From previous considerations the present paper addresses shape sensitivity analysis as a systematic procedure to obtain the EshelbyÕs tensors of any order associated to the problem under consideration. Thus, we have elected to explore the derivation of the first and second order shape sensitivity of a twisted elastic straight bar with uniform transverse cross-section. By doing so, our goal is to highlight certain special features that are clearly distinguishable in this particular case. Under the previous conditions, the analysis tends to be simpler than other cases and, at the same time, does not lose generality in the obtained results. In fact, the most popular approaches in solid mechanics, the kinematic and the static models, can be easily stated for torsion problems.
As known, the theory of bars under twist conditions, can be formulated as a bi-dimensional problem by means of simplified assumptions (Sokolnikoff, 1974) . The Saint-VenantÕs kinematic approach and PrandtlÕs static approach, should be used. Both formulations, assume the external action of twist induces in the bar a pure shearing strain-stress state, leading to the well known LaplaceÕs type equation with Neumann and Dirichlet boundary conditions, respectively. The unknowns are scalar fields, the rate of twist and the warping of the transverse cross-section for the Saint-VenantÕs approach and the stress function for the PrandtlÕs approach. Moreover and due to its application in several engineering problems, researchers from different fields have studied LaplaceÕs equation extensively. For this reason, physical, mathematical, numerical and computational information for this equation abounds.
Within the aim of providing a clear presentation and, at the same time, in order to simplify the shape sensitivity analysis, we adopt as cost function the potential of the state equation, using the terminology of shape optimization. In other words, we use the potential strain energy in the case of the kinematic model and the complementary potential energy to the static model. Closed expressions of the shape derivatives of both cost functions as domain or boundary integrals may therefore be obtained in terms of the strain-stress state of the bar and the adopted shape change velocity (Buscaglia et al., 1997) .
Moreover, when we perform the shape derivative of the potential strain energy, the energy momentum tensor associated to the torsion problem can be easily identified. This tensor was first introduced by Eshelby (1956) and Eshelby (1975) into three-dimensional elastostatics and subsequently given central place in the same authorÕs development of continuum approach, when studying defects in solid media.
On the other hand, following a similar procedure for the static model in which the complementary potential energy is adopted as cost function, the complementary energy momentum tensor naturally comes up. This tensor is behind the concept of the dual I-integral introduced by Bui (1974) in his analysis of plane strain or stress states.
The null divergence property of both energy momentum tensors can easily be verified if we compare in each case the domain with the boundary integral shape derivative of the respectively cost function.
Likewise, in second order shape sensitivity analysis, second order energy momentum tensors for both approaches come to light. Furthermore, following a similar procedure applied to first order shape sensitivity analysis it is possible to prove that these tensors also have null divergence.
To perform the shape derivative for arbitrary cost function, the Lagrangian method can be applied. In this case the energy momentum tensor results as a function of the solution of the state and the adjoint equations and can also be interpreted as a generalization of the EshelbyÕs tensor (Novotny et al., 2003) .
The outline of the paper will be as follows. In Section 2 the variational formulation of the kinematic and static models of torsion problem will briefly be presented. The shape change of the transverse cross-section of the bar under analysis and the analogy between shape derivative and material derivative of continuum mechanics will be described in Section 3. The first order shape sensitivity analysis of the energy stored in the bar will be derived in Section 4 and its relation with the energy momentum tensor will be demonstrated. Section 5 will be devoted to the second order shape sensitivity analysis and to deduce its relation with the second order energy momentum tensor. Then some comments will be made in Section 6. Finally, in Section 7, to highlight the usefulness of the shape derivative expressions, shape sensitivity analysis will be applied to a bar with elliptical transverse cross-section in which an exact solution is known.
Statement of the problem
Since the present paper is devoted to the continuous first and second order shape sensitivity analysis of the kinematic and static models of torsion, let us start briefly reviewing the variational formulations of these models (Washizu, 1968) . In doing so, the notation and concepts we shall employ along the paper will also be described.
Kinematic model
As known, using Saint-Venant assumptions, the kinematic theory of uniform prismatic bars loaded by twisting couples at its ends can be formulated as a bi-dimensional problem. Introducing the following notations:
• x = (x, y), the (plane) coordinate or, more specific, the position vector of an arbitrary point P in X;
• W the À90°rotation tensor of the cross-section (W T W = 1, W T = ÀW), i.e. W : x # (Ày, x); • u = u(x) the warping function and a the twist angle per unit length, the unknowns of the problem, and within the framework of Saint-Venant hypotheses, the deformation tensor can be described as a twodimensional vector c, the shearing strain vector, defined in X cða; uÞ ¼ aðWx þ grad uÞ.
Here, the first term on the right-hand side represent the rigid rotation of the transverse cross-section under the action of the twisting couples and the last term the longitudinal deformation or warping strain. In particular, for an isotropic linear elastic material and denoting with l the shear modulus, the specific strain energy U becomes
The (variational) kinematical formulation of the Saint-Venant theory of torsion of a uniform prismatic elastic bar loaded by twisting couples, M t , at the ends of the bar, also known as the primal formulation, is described by the minimization of the total potential energy functional, W(a, u), given by
In accordance with (2) and (3), for isotropic elastic material the total potential energy functional takes the form
defined for all (a, u) 2 Kin, where Kin is the space of kinematical admissible displacement fields, i.e. Kin ¼ fða; uÞ; a 2 R; u 2 H 1 ðXÞg, where H 1 (X) is the Hilbert space of functions that, together with their gradients, are square integrable in the Lebesgue sense in X.
The necessary (and sufficient) condition for the minimum of the above functional is given by dWðða; uÞ; ðâ;ûÞÞ ¼ 0 8ðâ;ûÞ 2 Kin; ð5Þ where dWðða; uÞ; ðâ;ûÞÞ means the first Gâteaux variation of the functional W evaluated at the point (a, u) in the direction ðâ;ûÞ. From the mechanical point of view, (5) gives the (weak) equilibrium equation for the problem. Moreover, the strong form of the equilibrium equation (Euler equation) and the associated natural boundary condition are also obtained from the above expression dWðða; uÞ; ðâ;ûÞÞ
8ðâ;ûÞ 2 Kin. ð7Þ
In accordance with the above result and since u 2 Kin we arrive to R
Hence, the corresponding Euler equation and the natural boundary condition associated to the minimum of the total potential energy are given by
In terms of the shearing stress vector
and from (9)- (11) we may write
Static model
In the analysis of the static model we will follow the PrandtlÕs approach. Thus, we introduce the stress function v 2 H 1 0 ðXÞ that allow us to write the equilibrated shearing stress vector r in compact form as follows:
Consequently, the torsion moment can be written in terms of the stress function, thus
In the case of isotropic linear elasticity, the complementary specific energy in terms of the stress function becomes
The (variational) static formulation of the theory of torsion of uniform prismatic bar, also known as dual formulation, is described by the minimization of the total complementary energy functional, W c (v), defined as
where a is the specific twist angle prescribed at the ends of the bar.
From (19) and (20) the total complementary energy functional takes the form
defined for all stress function v 2 H 1 0 ðXÞ where
The necessary (and sufficient) condition for the minimum of the above functional is given by
Hence, the Euler equation (compatibility equation) associated to the minimum of the total complementary energy functional takes the form
Shape change
In the present section we shall introduce the concept of shape change of a straight bar submitted to torsion when the shape of its transverse cross-section is modified. Proposed originally by Cèa (1981) and widely discussed by Haug et al. (1986) , this approach simulates a change in shape by a motion from an initial configuration to a known deformed configuration.
Thus, the shape change of the bar and more precisely the shape change of its transverse cross-section X 0 , can be described by a one-parameter family of transformations Ç s
where V(X), that we assume is known and sufficiently smooth, determines the way in which the shape changes (i.e. V(X) can be viewed as the direction of the domain variation). This also means that, for a given direction V(X), the shape change of X 0 is uniquely determined by the parameter
Since at each s, the shape change is a one-to-one transformation from X 0 to X s , there is a unique inverse transformation
Then, an analogy can be drawn between change of shape and motion of a body. From this point of view, V(X) can be seen as the velocity field, X 0 as the initial or referential configuration and X s as the actual or deformed configuration. Therefore, any scalar, vector, or tensor field associated with the shape change can be expressed as a function over the initial domain X 0 , or as a function over the current domain X s . Within the continuum mechanics analogy we call them material and spatial descriptions, respectively. For instance, in the particular case of the shape change velocity field, we may write for both descriptions
From now on, all our analysis will be performed over the current domain. In other words we will adopt the current or spatial description, taking advantage of the well known expressions of the material or total derivatives of spatial fields developed in continuum mechanics, Gurtin (1981) . From this analogy, the shape sensitivity of any regular functional characterized by its spatial description W(s; x), can be formally defined as
and, in order to simplify the notation, we will also omit the subscript s identifying X s (oX s ) with X (oX).
First order shape sensitivity
We will begin this section introducing the cost function and the state equation, using the terminology of shape optimization. The cost function is, in a certain way, arbitrary. It depends on the interest and the application that one has in mind. For simplicity we shall adopt as cost function the potential energy associated to the state equation (the total potential energy of the bar under analysis in the case of the kinematic formulation and the total complementary energy in the case of the static formulation). In fact, besides having a clear physical meaning, these cost functions simplify the calculation, Taroco et al. (1998) . We also assume that during the shape change of the transverse cross-section of the bar, the external actions, the torque (M t ) or the twist angle ( a) in each of the two formulations, remain unchanged.
As known, different procedures can be adopted in shape sensitivity analysis. However, in our particular case, as the cost function is the potential of the state equation in both analysis, the direct method appears to be the most suitable approach. According the continuum mechanics analogy, we refer our analysis to the actual or space configuration, taking advantage of the well known expressions of the material derivative.
Moreover, due to the approach adopted in this paper in which the cost function coincide with the potential of the state equation, it is expected that the expressions for the shape derivative can be derived in terms of domain and boundary integrals. This purpose may be achieved by the appropriate application of the ReynoldsÕ transport theorem, as it will be seen in the present section.
Domain integrals
First, we shall investigate the shape derivative of the total potential energy and the total complementary energy expressed as domain integrals.
(i) Kinematic formulation We start writing the total potential energy of the bar in the actual configuration, from (3), we have
Next, we differentiate both sides of (31) with respect to s, to obtain
Upon the use of the ReynoldsÕ transport theorem, Gurtin (1981) , the total derivative of the functional W(a, u), yields
where div v denotes the divergence of the shape change velocity vector. On the other hand, taking into account the definition of the specific strain energy U, (2), its total derivative is given by
For convenience, as it will be seen later, we add and subtract r AE a(grad v) T Wx in the above expression and we also insert the following tensorial relation (Gurtin, 1981) 
then, we may write
Further, we replace (36) into (33) to obtain
Finally, if we insert the tensorial relations r Á ðgrad vÞ T ðWx À grad uÞ ¼ ½ðWx À grad uÞ r Á grad v; ð38Þ
and also from the definition of div v = I AE grad v, the total derivative of W(a, u) becomes
It should be noted that (40) gives the (shape) derivative of the total potential energy functional due to the shape variation, characterized by the vector field v, and evaluated at the point ða; uÞ; ð da ds ; du ds Þ 2 Kin. Moreover, when the argument (a, u) 2 Kin is such that also minimizes the total potential energy, some simplifications can be introduced in the above expression. In fact, from (8), (12) and (13) and keeping in mind that da ds , du ds and n = (v AE Wx) are kinematically admissible fields, the shape derivative of the total potential energy reduces to
With an inspection of the expression in brackets of the above equation, we recognize the EshelbyÕs energy momentum tensor particularized for the kinematical model of the torsion problem
This tensor, was first introduced by Eshelby into elastostatics of three-dimensional bodies in the context of infinitesimal deformations. Also, this tensor plays a central role in the same authorÕs development when studied defects in solid media. Thus, from (41) and (42), in compact form, we may write
Finally, taking into account that v is a known vector field, from (43) we may conclude that, in order to evaluate the first order shape derivative of the total potential energy, it is sufficient to find (a, u) 2 Kin which minimizes this functional, evaluate the EshelbyÕs energy momentum tensor given by (42) and finally calculate the integral given by (41).
(ii) Static formulation Likewise, in the case of the static formulation, we start recalling to the total complementary energy functional, (20), written over the actual configuration
To differentiate the functional W c (v) with respect to s, we recall again to the ReynoldsÕ transport theorem, thus
On the other hand, from (19), the total derivative of U c is given by
Next, combining the above expression and the following tensorial relation (Gurtin, 1981) :
we have
If we insert (48) into (45), the total derivative of the complementary energy results
Further, the use of the following tensorial relation
and the definition of div v = I AE grad v, yields
As in the case of the kinematic formulation, it should be noted that (51) gives the (shape) derivative of the total complementary energy functional due to the shape variation, characterized by the vector field v, and evaluated at the point v; 
In accordance with the energy momentum tensor of the kinematical formulation we denote the expression in brackets as complementary energy momentum tensor
It should perhaps be noted that in the particular case of the static model of torsion, the complementary energy momentum tensor R c results symmetric, thus
This tensor is implicit in the foundations of the dual path independent integral derived by Bui (1974) for statical model of elastic plane state with cracks. Moreover, from (52) and (53), we may also write
Finally, taking into account that v is a known vector field, from (52) we may conclude that, in order to evaluate the first order shape derivative of the total complementary energy, it is sufficient to find the field v 2 H 1 0 ðXÞ which minimizes this functional, evaluate the complementary energy momentum tensor, (53), and finally calculate the integral given by (52).
Boundary integrals
It is well known that the shape derivative can only depend on the value of v at the boundary. Thus, it is expected that different extensions of the velocity to the interior of the domain lead to the same value of the shape derivative. In order to show this, we examine from another perspective the shape derivatives of the total potential energy and the total complementary energy of the bar.
(i) Kinematic formulation Let us review in this section the first order shape derivative of the total potential energy of the bar at the light of the expression of the ReynoldsÕ theorem which allows us to rewrite the mentioned derivative as a path integral. As we have seen, for the scalar field U the domain integral form of the ReynoldsÕ transport theorem may be expressed as d ds
where the total derivative of U is given by
Next we insert (57) into (56) and further we apply the divergence theorem, to obtain d ds
The combination of above expression and (32) allow us to write d ds Wða; uÞ ¼
In addition, since the bar is in equilibrium with the applied torque M t , the following relation holds Z
Thus, in accordance of (59) and (60), the first order shape sensitivity of the total potential strain energy becomes d ds Wða; uÞ ¼
The preceding result gives a new expression for the same sensitivity we have obtained in (43). It should be noted that the above expression (61) reduces the shape sensitivity to an integral along the boundary. Thus, we have arrived to two techniques to carry out the first shape sensitivity. In the first, (43), it is necessary to extend the velocity over the interior of the domain and to know its gradient while in the second, (61), we only need to know the normal velocity along the boundary. Moreover, the foregoing result also allow us to prove that for the equilibrium fields (a, u) (i.e. the fields that minimize the total potential energy functional) the energy momentum tensor R is solenoidal. In fact, from the definition of the tensor R, (42), and from the boundary condition r AE n = 0, (16), it follows
In accordance with (62) we may rewrite (61) as d ds Wða; uÞ ¼
Next, we insert (43) and (63) into the following tensor relation:
Since the above relation holds for any extension of the velocity to the interior of the domain, we may conclude that the tensor R is solenoidal, thus
(ii) Static formulation As stated earlier for the static model, according to (44) and (58) we may write
where the partial derivative of U c is given by
and the partial derivative of v may be expressed as follows:
Next, we insert (68) and (69) into (67) to obtain
Since dv ds 2 H 1 0 ðXÞ, the compatibility equation holds. Hence, the total derivative of the complementary potential energy becomes
By the use of the divergence theorem the above expression may be written as
Since we have assumed that the compatibility equation holds, it follows:
From (55), (73) and the tensorial relation (64) applied to the tensor R c , yields
Since the above domain integral vanishes for any extension of v to the interior of the domain, we may conclude that
In addition, as the compatibility solution v vanishes along the boundary, it is ease to verify that the total derivative of W c results
Second order shape sensitivity
To perform the second order shape derivative of the total potential energy and the total complementary energy by the direct method, we follow the same methodology. Thus, we will differentiate once more the first derivative of the cost functions W(a, u) and W c (v) with respect to s, in both models.
If these expressions are used for the first order shape derivatives given by (43) (or (63)) and by (55) (or (73) and (76)), we must to take into account that their arguments (a, u) 2 Kin and v 2 H are not arbitrary and must be evaluated using the above subsidiary restrictions.
Domain integrals (i) Kinematical formulation
If we insert (43) 
The right-hand side of the above equation gives d ds
Next, we recall the following tensorial relations:
Therefore, combining (78)- (82), we may write
where the total derivative of R is given by
In accordance with the first order sensitivity analysis, we designate the expression in brackets of (82) as second order energy momentum tensor
Thus, (82) can be rewritten in a more compact form
As mentioned at the beginning of this section, the argument (a, u) 2 Kin containing in the above expression minimizes the total potential energy. Therefore, (a, u) 2 Kin satisfies the equilibrium equations given by (13) and the derivatives ð da ds ; du ds Þ 2 Kin must be evaluated taking into account these subsidiary restrictions. In fact, for (a, u) 2 Kin (the extremal point of the total potential energy functional) and from (13) it follows:
for all ðâ;ûÞ 2 Kin.
Since ð dâ ds ; dû ds Þ 2 Kin, the derivatives of the above expressions become d ds
for all ðâ;ûÞ 2 Kin. Hence, the derivative ð da ds ; du ds Þ 2 Kin should be determined from the following equations:
Thus, from (94) and (95) 
The above expression corresponds to the (shape) derivative of the compatibility equation and gives d ds 
From the computational point of view, it is interesting to observe that the same solver used to find the field v can be used to find its shape derivative dv ds . Moreover, from (94) and (96), we may conclude that to evaluate the second order shape derivative of the complementary potential energy, we must previously solve the compatibility equation, (23), to find v and next the derivative of the compatibility equation, (100), to find dv ds .
Boundary integrals
To obtain the second order shape sensitivity of the cost function expressed as boundary integral, we return to the result of first order shape sensitivity as boundary integral for both models.
(i) Kinematical formulation For the total potential energy W, first we insert (63) 
Second, we recall to the concept of shape sensitivity, (30), to write d 2 ds 2 Wðu; aÞ ¼
where the shape derivative of R is given by (83) and the same derivative of n doX may be written as
Upon inserting (103) into (102) 
From the definition of the second order energy momentum tensor, (84), and (104) 
If we compare (85) and (105), we may write
In accordance with the above expression and taking into account that v is an arbitrary vector field in the interior of the domain, we may conclude that the tensor R 2 is solenoidal. In addition, if we insert the boundary conditions of the kinematic model into (104), we obtain d 2 ds 2 Wðu; aÞ ¼
(ii) Static formulation Likewise, from (73), the second order shape derivative of W c may also be written as a boundary integral
In other words
Box 1. First and second order shape derivatives of the total potential energy 1. Evaluation of (a, u) 2 Kin by solving the equilibrium equations R
2. First order shape sensitivity analysis. Once (a, u) is known, and for a given shape change characterized by v, the first order shape derivative of the total potential energy comes from the following domain or boundary integrals
Evaluation of ð da ds
; du ds Þ 2 Kin by solving the shape derivatives of the equilibrium equations evaluated at the point (a, u) 2 Kin obtained in the step 1 R 
Following a similar procedure applied to the kinematic model we may concluded that R c 2 is also solenoidal. Finally, if we introduce the corresponding boundary conditions into (108), this expression becomes
Similar result of this second order shape derivative as a boundary integral is reported by Guillaume and Masmoudi (1992) . Up to this point, it should be useful to summarize the results obtained for the first and second order shape derivatives of the total potential energy and the total complementary energy functionals respectively. The description of the steps necessary for the calculation of these derivatives is outlined in Box 1 for the total energy, and in Box 2 for the total complementary energy functional.
Example
In order to illustrate the usefulness of the shape derivative expressions stated early we now focus the attention on a particular problem in shape sensitivity analysis with a known exact solution. Therefore, let us consider a cylindrical bar with elliptical transverse cross-section twisted by couples applied at the ends.
The exact solution of both the kinematic and the static models are available in the literature (see, for example Sokolnikoff, 1974) .
(i) Kinematical model For an applied torque M t , the exact solution of the kinematical model, is governed by the warping function u and the twist angle per unit length a, given by Further, we recall to a boundary integral expression (107), which for the adopted velocity (117), becomes
Upon inserting (117), (119) and (122) Next, we particularize the boundary integral expression (110), for the adopted velocity (117), to obtain d
In the present paper we addressed the problem to obtain the shape derivative of the total potential energy and the complementary potential energy stored in a straight bar when submitted to twist within the framework of linear elasticity theory. The employment of the (continuous) variational formulation linked to the direct method of sensitivity analysis for first and second order derivatives with respect to shape change of transverse cross-section of the bar are substantiated.
To perform the shape derivative, the analogy of the material (total time) derivative of continuum mechanics is widely explored. In fact, the spatial description of this derivative and the use of some well known expressions of mechanics vastly simplify this task. The procedure and the results are presented in compact notation (independent of a coordinate system) to point out the advantage of this formulation. By doing so, the physical meaning of the mechanical model becomes more clear and the mathematical expressions of the shape derivatives less involved. In order to clarify this presentation for both examined cases, we adopted as cost function the potential of the estate equation. Consequently to compute first order shape derivative of the total potential energy and the complementary potential energy it is sufficient to find the solution of the corresponding state equation. On the other hand, to determine the second order shape derivative of the cost function it is necessary to know in advance the solution of the first order shape derivative of the corresponding state equation. For higher order derivatives similar procedure may be applied. Useful expressions of shape derivatives are carried out in terms of the energy momentum tensors and the adopted shape change velocity field. In the first order shape derivative we obtain first order energy momentum tensors. Likewise in the second order shape derivative we arrive at second order energy momentum tensors. The procedure that we have followed examined the primary relationship between shape sensitivity analysis and the energy momentum tensors. It should be noted that the presence of those tensors is not mentioned in the literature of shape sensitivity analysis, neither in first order shape derivative nor in second order derivative. The reason should be that shape sensitivity analysis is essentially a phenomenon in which the boundary of the domain is perturbed, consequently this phenomenon affects the values of the fields along the boundary which the shape change, see (63) and (73) for first and (105) and (109) for second order shape derivatives. In particular, when the shape derivative is expressed by a boundary integral, the corresponding energy momentum tensor along the boundary reduces to an hydrostatic tensor which amplitude coincide with the specific strain energy or the specific complementary strain energy respectively, see (61) and (76), for first and (107) and (110) for second order shape derivatives. For instance, in order to compute the first derivative it is sufficient to know the specific energy and the shape velocity along the boundary, see also (113), (117) and (120) from the example. Finally, the authors believe that the meaning of these tensors and the straightforward role that they play in some branches of mechanics have not been as well sufficiently explored.
